Abstract. Here we compute Hilbert-Kunz functions of a ruled surface over P 1 k with respect to ample line bundles on it
Introduction
Let X be a projective variety over k =k, where char p > 0. If L is an ample line bundle on X, then one has notion of Hilbert-Kunz function HK(X, L) and Hilbert-Kunz multiplicity e HK (X, L) as HK(X, L) = HK(R, R + R) and e HK (X, L) = e HK (R, R + R),
Here we look at the following question: How do e HK (X, L) and HK(X, L) behave as L varies in the ample cone of line bundles on X?
One knows the answer to such question for ellipic curves [NT] and nodal plane curves [M] . Moreover for a line bundle L = O((k − 1)ρ) on a full flag variety X, one has computed in [NT] e HK ((X, L n ) and HK(X, L n ), for all n ≥ 1. In this paper we compute e HK (X, L) and HK(X, L), for Hirzebruch surfaces X and every ample line bundle L on X. Here we crucially used the fact that X is a nonsingular projective toric variety and a ruled surface.
Note that if R is a affine toric variety then Watanabe [W] proved that e HK (R) is a rational number and W. Bruns [Br] proved that HK(R)(q) is a polynomial in q with periodic coefficients. In case of three dimensional affine toric variety, e HK has been given more explicitely in terms of the vectors of its semigroup ring, by Choi and An [CA] . Hilbert-Kunz function for monomial ideals is proved by Conca [C] .
Lemmas
Let X = F a be a ruled surface over P 1 k , where k is a field of characteristic p > 0. Then X is a projective variety given by a fan ∆ in Z 2 , with cones σ 1 , σ 2 , σ 3 and σ 4 given by bases {e 1 , e 2 }, {e 1 , −e 2 }, {−e 2 , −e 1 + ae 2 , } and {−e 1 + ae 2 , e 2 } respectively.
We recall that Pic(X) is free on generators D 1 and D 4 , where D 1 , D 2 , D 3 and D 4 are divisors corresponding to the vectors e 1 , e 2 , −e 1 + ae 2 and −e 2 , respectively. Since X is a ruled surface given by π :
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Moreover a line bundle O(aD 1 + bD 4 ) is generated by global sections (is ample) if a ≥ 0 and b ≥ 0 (if a > 0 and b > 0, respectively). Since any divisor 
given by χ → ⌊ Dχ q ⌋. We use the following result by Lasoń-Michalek (Proposition 3.1 in [LM] ) which was stated by Bondal [B] .
Theorem Let L = O(D) be a line bundle on a smooth projective toric variety X then
Now we fix an ample line bundle L on X given by the divisor D = cD 1 + dD 4 , in particular, we have c > 0 and d > 0. Let
We want to compute Hilbert-Kunz function of R wih respect to the maximal ideal, which is given by
, where Φ m is given by the canonical map
Now, by the above result of [LM] ,
where χ = a 1 e * 1 + a 2 e * 2 , for 0 ≤ a 1 < q, and
is the corresponding principal divisor. Note that
For fixed m and q, let
and let
Note that
Also one can check that,
Lemma 2.1.
is the canonical map. Now, for the map π :
. Therefore the map Φ α,β has the cokernel of following k-vector space dimension:
This can be rewritten as stated in the lemma.
The above proof of the lemma implies that
Therefore we need to compute |coker Φ m |, for m ≥ 0.
In the following lemma, instead of calculating each cardinality |A α,−1 |, which amounts to counting points in two strips (depending on α) in Q, we use coefficients of |A α,−1 | (as given in Lemma 2.1) to compute the sum. The idea is to first divide the expression in two parts, one part is a constant multiple of the cardinality of ∪ α A α,−1 , which is the set of all integral point in a rectangle. To compute the second part, we first redistribute |A α,−1 | ′ s, using their coefficients. Then we split each A α,−1 as union of B α and B α . Now we can write the second part as the cardinality of
This set is bijective to integral points in a simpler subset (as given in the proof) of the rectangle
Proof: For every α,
Therefore the first assertion follows.. Now we assume 0 ≤ m < q/d. Let l 0 = c + (d − 1)(a/2) and let us denote
where
Therefore we can rewrite the following expression
The sum of the above left hand side a numbers is |{(a 1 , a 2 ) ∈ Z 2 | 0 ≤ a 1 < aq, 0 < a 2 < q − md and 0 ≤ a 1 − aa 2 < aq}| = |{(a 1 , a 2 ) ∈ Z 2 | 0 ≤ a 1 < a(q − md), 0 < a 2 < q − md and 0 ≤ a 1 − aa 2 < aq}| +|{(a 1 , a 2 ) ∈ Z 2 | a(q − md) ≤ a 1 < aq, 0 < a 2 < q − md and 0 ≤ a 1 − aa 2 < aq}| and
Hence, for md < q, we have
Hence the proof.
Proof : One can check that, for every (a 1 , a 2 ) ∈ Q,
Therefore if mc ≥ q then α(a 1 , a 2 ) ≥ 0, for every (a 1 , a 2 ) ∈ Q. In particular A −1,β = φ, for every β. This proves the assertion (3). Suppose mc < q then md < q which implies β = −1 or 0. Hence A −1,β = φ, for β ≥ 1. Hence β≥0 A −1,β = A −1,0 . For β = 0,
Suppose m < q/(c + ad) then one can check that
(2) Suppose m ≥ q/(c + ad) then one can check that
This completes the proof of the lemma.
Proof : Note that
where T is defined as in Equation 2, given in the proof of Lemma 2.3. The computation of β≥0 |A −1,β | follows from the proof of the previous lemma. Similarly one can check that
Now the proof of the lemma follows.
Main Theorem
Let us fix the following notation:
where f i (x, . . .) are plynomial in x, . . .. Moreover f 1 (a, c, d,ǭ 0 , ǫ 2 , ǫ 3 ) is a polynomial in degree 2 in ǫ 2 and ǫ 3 and degree 1 inǭ 0 , and f 0 is a polynomial of degree 2 in ǫ 0 and ǫ 3 and of degree 3 in ǫ 1 and ǫ 2 . Moreover f i (x 1 , . . .) can be written down explicitly by putting together the computations given in the proof.
Remark. One can check that
Proof of the theorem: Recall
where we have computed
which for the computation purpose can be rewritten as
We can check that different terms in A can be written down as follows:
and
If c > d then applying Lemma 2.2 and Lemma 2.3 to Lemma 2.1, we get
Now using the above computations we get HK(X, L)(q).
If c ≤ d, then applying Lemma 2.2 and Lemma 2.4 to Lemma 2.1, we get
This can be rewritten as Now putting together we get HK(X, L)(q), for the case c ≤ d.
